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Abstract 

The differences between the on-shell mass and width of the Higgs boson and their 
pole counterparts are evaluated in leading order. For a heavy Higgs boson, they 
are found to be sensitive functions of the gauge parameter and become numerically 
large over a class of gauges that includes the unitary gauge. For a light Higgs boson, 
the differences remain small in all gauges. The pinch-technique mass and width are 
found to be close to their pole counterparts over a large range of Higgs boson masses. 
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1 Introduction 



The mass and width of an unstable scalar particle are conventionally defined by the 
expressions 

M^ = M| + Re^(iVn MT = -^^;^^^^, (1) 

where Mq is the bare mass, A{s) is the self-energy, and the prime indicates differentiation 
with respect to s. Different and, in fact, more fundamental definitions are based on the 
complex-valued position of the propagator's pole: 

s = Ml + A{s). (2) 

Writing s = m\ — imaTa, in this formulation one may identify the mass and width of the 
unstable particle with m2 and respectively, so that 

ml = M"^ + ReA{s), mala = - Im (3) 

Given m2 and Ta, other definitions are possible. For instance, it has been shown that the 
alternative expressions 

mi = ^ml + ri, Ti = (4) 
^ m2 

lead to a Breit-Wigner resonance with an s-dependent width and, in the Z-boson case, 
can be identified with the mass and width measured at LEP We will refer to Eq. (|1|) 
as the on-shell definition of mass and width, and to Eq. @ or Eq. @ as their pole 
counterparts. Identical formulae hold for spin-1 particles if A{s) is identified with their 
transverse self-energy, and analogous expressions can be written down for spin- 1/2 par- 
ticles. Most calculations of radiative corrections and widths in the literature employ the 
on-shell formulation of Eq. (0). On the other hand, in the case of gauge theories, the pole 
definitions have an important advantage: general arguments imply that the pole position 
s and, therefore, also m2, r2, mi, and Fi are gauge invariant. By contrast, it has been 
shown that the on-shell definitions of My/, Mz, and unstable-quark masses become gauge 
dependent in 0{g'^) and O^asg"^) 0,0,0. It has also been pointed out that the on-shell 
definition of width is inadequate if A{s) is not analytic in the neighborhood of M^. This 
occurs, for example, when the mass of the decaying particle lies very close to a threshold 
1^ or, in the resonance region, when the unstable particle is coupled to massless quanta, 
such as in the case of the W boson and unstable quarks 0. 

The aim of this letter is to discuss, in leading order, the difference between the on- 
shell mass and width and their pole counterparts for a very important case, namely the 
Higgs boson. The fact that the width difference may be numerically large for a heavy 
Higgs boson over a large class of gauges is strongly suggested by preliminary arguments 
in Ref. §. 

Expanding Eqs. (|I]) and (0) about s = m\ and combining the results, one readily finds 
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where is a generic coupling of 0(r2/m2). As the right-hand sides of Eq. (||) are of 
0((yf*^), we may evaluate them using the lowest-order expressions for r2, ImA'(m|), and 



Im A" {ml). 



In the Higgs-boson case, the one-loop bosonic contribution to Imy4(s) in the gauge 
is given by 



ImAbos(s) = js^ 
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, (6) 



where G = GJ{2'k^), 

is a gauge parameter, {W Z) represents the sum of the 
preceding terms with the substitutions M-^y — ^ Mz and ^z, and we have omitted 

gauge-invariant terms proportional to 9{s — AMfj). The one-loop contribution due to a 
fermion / is 



-jsNfmj (l 
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(7) 



where Nj = 1 (3) for leptons (quarks). As expected, Eq. @ is gauge invariant if s = Mfj, 
but it depends on and off-shell. The dependence in Eq. (^) is due to the fact 
that a Higgs boson of mass s^^^ > 2^]y'M\y has non-vanishing phase space to "decay" into 
a pair of "particles" of mass C,w^Mw. The first term in Eq. can be verified by a very 
simple argument : only the unphysical scalar excitations have M^^-dependent couplings 
with the Higgs boson; therefore, if the unphysical particles decouple, which happens for 
$,w > 'S/(4M^) and similarly for the Z boson, lmA{s) can be obtained by substituting 
Mff ^ s in the well-known expressions for the Higgs-boson partial widths multiplied by 
Mh- Using Eqs. (|^) and (^, we find at the one- loop level: 



ImAUM'n) 

ImA'UMl) 

Im A'j{M]j) 
Im A"j{Ml) 



a . 

-Ml 
2 ^ 



^1/2, 



1 — xw) (1 — Xw) 



+ (1 - ^wxwr" (1 - ^wxw) + -iW-^Z) 



G 
~2 



, 3 I 3 2 1^4 

/ 2"^^^ + S''^ X + 32"^^, 

-1/2, 



;i - Xw) 



-3/2 



+ (1 - iwxw)'"'" (1 - ^wxw) + -iW^Z) 



G 

2" 

3 



32 



GNfx}{l-Xf)'^^^e{l-Xf) 



where Xa = AM^/Mfj. Equations (|), (0), and (||) permit us to evaluate Eq. (||). We 
also wish to evaluate (M^""" — 7712) /m2 and (F^^ — r2)/r2, where M^'^ and F^""" are the 
pinch-technique (PT) on-shell mass and width obtained from Eq. (|l]) by employing the 
FT self-energy a{s). We recall that the FT is a prescription that combines conventional 
self-energies with "pinch parts" from vertex and box diagrams in such a manner that the 
modified self-energies are independent of (z = W, Z, 7) and exhibit desirable theoretical 
properties p. In the Higgs-boson case, Ima(s) can be extracted from Ref. [0], and we 
find 

Im aL(M^) = IgM^ (^1 - xw - ^) (1 - xw)-'^' 9 {1 - xw) + ^iW ^ Z), 
Ini<,,(Mi) = ^xw[l + ^-^- ^x'w) (1 - ^w)-'^" 0{l-xw) + l{W-. Z{p) 

Identifying Mh with m2 and, for simplicity, setting ^ = = ^z, our results for 
(M — 1112) /m2 and (F — F2)/F2 are illustrated in Figs. |l](a)-(c) as functions of ^, for 
three values of m2. We have employed Mw = 80.375 GeV, Mz = 91.1867 GeV, and 
rrit = 175.6 GeV, and have neglected contributions from fermions other than the top 
quark. The two deep abysses in the figures are associated with the unphysical thresholds 
^ = m2/(4Mf ), m2/(4M^), where the expansions in Eq. (|^) obviously fail. For small 
Higgs mass (m2 = 200 GeV), we see from Fig. ^(a) that, aside from the neighborhoods of 
the abysses, M and F remain numerically very close to m2 and F2. In the intermediate 
case (m2 = 400 GeV), the relative differences reach 0.6% in the mass and 3.3% in the 
width. However, for a heavy Higgs boson (m2 = 800 GeV), the differences become very 
large, reaching 11% in the mass and 44% in the width. The largest differences occur for 
^ > m2/(4M^), i.e., when the unphysical excitations decouple, a range that includes the 
unitary gauge. We recall that the latter retains only the physical degrees of freedom and, 
in this sense, it may be regarded as the most physical of all gauges. The large effects can 
be easily understood from Eq. (j^). If ^ > s/(4M^), the second term in Eq. (H) does not 
contribute, so that ImAy^osis) oc s^. For a heavy Higgs boson, this implies large values 
of Imyl'(m2) and lmA"{m2). For C, < s/(4M|), the gauge-dependent terms contribute 
and cancel the leading dependence of Imy4bos(s), so that the magnitudes of ImA'^m'^) 
and Imy4"(m2) drop sharply and the differences become much smaller. Of course, the 
44% effect in the width for ^ > m2/(4M^) may cast doubts on the convergence of the 
expansions in Eq. . We interpret this finding as an indication of large corrections rather 
than a precise evaluation of (F — F2)/F2. 

Our results go beyond those reported in the literature 0. The reason is easy to 
understand: in Ref. P], the limits Mw — ^ and g ^ are simultaneously considered 
keeping the Higgs self-coupling A oc g'^Mfj/M^^ fixed. If the gauge parameter ^ is also kept 
fixed, the gauge dependence of Eq. (|^) is lost, and one obtains an s-independent result for 
Im Abos(s), which does not contribute to the right-hand sides of Eq. (^. Thus, the above 
approximation, although interesting and useful, does not exhibit the gauge dependence 
and the large effects discussed here. 
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From the horizontal hnes across Figs. |l|(a)-(c), we see that the PT mass and width 
remain very close to m2 and r2 for all values of m2, the maximum departures being 0.7% 
for M^"^ and —0.7% for F^""" at 1712 = 800 GeV. The differences vary somewhat if M and 
F are compared with mi and Fi. Through 0{g^), (M — mi)/mi and (F — Fi)/Fi are 
obtained from (M — 1712) /m2 and (F — F2)/F2 by subtracting the gauge-invariant term 
Tl/{2ml). For m2 = 800 GeV, (M - mi)/mi and (F - Fi)/Fi amount to 5.6% and 
38% in the unitary gauge (rather than 11% and 44%) and to —4.8% and —6.6% in the 
't Hooft-Feynman gauge (rather than 0.9% and —0.8%). For the same value of m2, the 
differences (M^""" — mi) /mi and (F^""" — Fi)/Fi are —5.1% and —6.5% (rather than 0.7% 
and -0.7%). 

In summary, we have shown that, in leading order, the differences between the on- 
shell mass and width of a heavy Higgs boson and their pole counterparts are sensitive 
functions of the gauge parameter, and reach large numerical values in a class of gauges 
that includes the unitary gauge. For other frequently employed gauges, such as ^ = 1 
('t Hooft-Feynman gauge) and ^ = (Landau gauge), the differences are very small with 
respect to m2 and F2, but are not negligible relative to mi and Fi. For intermediate 
(light) Higgs bosons, the differences are reasonably (very) small for all values of ^, except 
in the abysses described above. The PT on-shell mass and width remain close to m2 and 
F2 in the range 200 GeV < m2 < 800 GeV. These results give further support to the 
proposition that a consistent definition of two of the most important concepts in particle 
physics, namely those of mass and width of an unstable particle, must ultimately be based 
on the pole position rather than the on-shell approach |l],0J^^J|,^ . For many purposes, 
the well-known and convenient machinery of the latter can be employed, but physicists 
should become aware of its limitations and potential pitfalls. 
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Figure 1: Relative deviations of M and F from m2 and F2, respectively, as functions 
of ^ = = in the /?f gauge, assuming (a) 1712 = 200 GeV, (b) 400 GeV, and (c) 
800 GeV. The horizontal lines across the figures indicate the corresponding deviations in 
the PT framework. 
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